A semi-local trace identity and the Riemann 
hypothesis for function fields 
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Abstract The asymptotic trace formula of Connes is restated in a semi-local 
form, thus showing that the difficulties in proving it directly do not lie in the 
change of topology when transgressing from finitely many to infinitely many 
places. 
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Introduction 



The Riemann hypothesis for Hecke L-series "mit GroBencharakteren" over 
function fields has been proved by Weil §]. In Bombieri gave a simplified 
proof that is based on the Riemann-Roch theorem for curves over finite fields. 
This Riemann-Roch theorem, however, can be rephrased in terms of adeles 
and proved by means of Fourier analysis. On the other hand, as a conse- 
quence of the explicit formulae, the Riemann hypothesis can be reformulated 
as the positivity of the Weil distribution on the ideles. Thus it should be 
possible to give a proof of the Riemann hypothesis via the Weil positivity 
that is based entirely on Fourier analysis on the adeles and ideles. In this 
spirit, A. Connes gave an asymptotic trace identity that is equivalent to 
the Riemann hypothesis. He managed to give direct proves for analogous for- 
mulae in the local and the semi-local case, but the global formula can as yet 
only be proved as a consequence of the Riemann hypothesis. At this point 
it looks as if the difficulty lies in the change of topology when transgressing 
from finitely many to infinitely many places. In this note we restate the trace 
formula as a semi-local trace identity, in which the global situation makes no 
appearance at all. The semi-local trace identity thus becomes equivalent to 
the Riemann hypothesis for function fields. 



1 Connes' theorem 



In this section we fix notations and recall Connes' result. Let k he a global 
field of positive characteristic p. Then k is the function field of some curve 
defined over a finite field. Let q = be the number of elements of the field 
of constants in k. Let V be the set of valuations or places of k. For each 
f G let fc^ be the completion of at f and let 0„ be the ring of integers 
of the local field k^, i.e. consists of all x G fc^ which satisfy v{x) > 0. 
For each f G fix a uniformizer at p, i.e. an element 7r„ of such that 
v{TTy) = 1. Let A be the adele ring of k, i.e. the subset of the infinite product 
YlvGV consisting of all elements {xy)y with Xy G Oy for all but finitely 
many v. We say that A is the restricted product of the ky and write this as 

A = Hj^^^'- -^or any subset 5* of let As = Ylves^^ ~ Ylv^s^^^ then 

A = A5 X A'^. The ring A is a locally compact ring and k embeds diagonally 
as a discrete subring that is cocompact as additive group. 
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For X G fc„ let \x\v be its modulus, i.e. the unique positive real number such 
that for any measurable subset A of we have fi{xA) = \x\vfi{A), where 
H is any additive Haar measure on ky. It then turns out that = qv^^^\ 
where is the number of elements of the residue class field of k^. 

The group of ideles, i.e. the multiplicative group of invertible elements of 
A is the restricted product of the k^ with respect to their compact subgroups 

. In this way the ideles form a locally compact group whose topology 
differs from that inherited from the adeles. The group k^ embeds diagonally 
as a discrete subgroup of A^. Let the absolute value on A^ be defined as 

= Yl^ which does make sense since almost all factors are one. Then 
this coincides with the modulus of x for any given additive Haar measure 
on A. Let A^ be the set of all a G A^ such that \a\ = 1, then k^ forms a 
cocompact subgroup of A^. 

The image of |.| : A^ — > M equals Qq, where qo is some positive power of q. 
Let TTy be an element of A^ with \7iv\ = q^^- 

For any subset S oi V let Os = Uv&s For S = V the ring Cy is a 
compact subring of A and Oy is a compact subgroup of A^. There is a finite 
set S G such that A^ = k^SOy and the intersection k^ fl Oy is the group 
of nonzero constants in k, i.e. F^. 

Let S{A) be the Schwartz- Bruhat space of A, i.e. the space of all locally 
constant functions on A with compact support. Any / G S{A) is a finite 
sum of functions of the form / = Hi, /i" where fy is locally constant and 
of compact support on ky and f{x) = Ylvf^i^v)', further for all but finitely 
many v the function fy then coincides with the characteristic function 
of Oy C ky. Fix a nontrivial additive character ^ on A which is trivial on 
k. Note that then the lattice in A becomes self-dual [|], i.e., for x G A we 
have 

ip{x'~f) = 1 for every 7 G A; -v^ x E k. 
Every additive character on A decomposes into a product 

V 

where ipy is a character of ky. For t> G \^ let n{v) denote the order of ipy, i.e., 
n{v) is the greatest integer k such that ipy is trivial on iTy^Oy. Then n{v) = 
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for all but finitely many v (Cor. l.IV in 0). Let Fj, denote the (9^,-module 
TTy'^^^^'Oy. Then = Oy for all but finitely many v. 

For any set 5* of places let ips = Ylves'^^- Then ips is a nontrivial additive 
character on As- Fix a Haar measure dx on As by the condition that it is 
self-dual with respect to ips- To explain this, let the Fourier transform on 
5 (As) be defined by 



means that dx = Ylves "^i^h dx^ giving the set the volume ^ . 
For any set S of places with at least two elements define the ring 

ks = {x e k"" : \x\y < 1 for ^ 5} 
and let k^ be the units of this ring, then 

kg = {x e k"" : \x\y = 1 for ^ S}. 

Then k^ is a discrete subgroup of A^, contained in A;^ and such that the 
quotient kg\Ag is compact. 

For the multiplicative Haar measures we adopt Weil's normalization as fol- 
lows: Suppose that G is a locally compact group and g ^ \g\ a nontrivial 
proper continuous homomorphism to M!^. Then there is a unique Haar mea- 
sure on G such that 



as A — s> oo. We will fix this Haar measure on the groups k^ for any place 
V and for k^\A^, where S is any set of places with at least two elements. 
We will denote these Haar measures by d^x. In this normalization we get 
vol((9^) = logg^,, and vol(A;^\A;5) = logg^, where qs > I is the 
generator of the group of absolute values where x G A^. On A^ we 
install the measure given by 




Then the measure is normalized so that f{x) = /(— x). More explicitly this 



yol{{g G G I 1 < < A}) 



log A, 
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Note that if / G 5(A) is a product, say, / = Ylv fv^ then / = Ylv fv, where 
on the right hand side one takes the local Fourier transforms. Further for 
a place v and z E let l^Ov be the characteristic function of the set zOy. 

____ n{v) 

Then the local transform satisfies l^o^ = \z\qv ^ Iz-^f^- 
Let So{A) = {/ G S{A) \ /(O) = = /(O)}. For / G 5o(A) let 

Then E{f) is a function on A^, invariant under , and A. Connes proved 
in that E{f) is an element of L'^{k^\A^). Moreover, as a consequence of 
Theorem 1 of it follows that the image of E forms a dense subspace of 
L2(A;^\A^). 

Let A > be in the value group q^, and let Q^a be the subspace of 5o(A) 
consisting of all functions / with f{x) = = f{x) for all x with |x| > A. 
Let Qaa be the closure in L'^{k^\A^) of E{Q\ q). We denote the orthogonal 
projection onto the space Qa,o by the same symbol. 

Let hhe a Schwartz-Bruhat function on k^\A^ , i.e. the function h is locally 
constant and of compact support. We write h G S{k^\A^). Given h, define 
an operator U{h) on L'^{k^\A^) by 

U{h)ip{x) = / \a\~'2h{a)(p{xa)d^a. 

Jfcx\Ax 

Let A > 1 be in the value group q^, and let 

log' A = vol({a G A;^\A^|A-^ < \a\ < A}). 

Further let for any v E V: /i ^— J' j^^^d^u be the distribution on k^ that 

agrees with -j^^ for u ^ 1 and whose Fourier transform vanishes at 1. An- 
other way to characterize this distribution is to say it is the unique distribu- 
tion that agrees with t^— ^ for u ^ 1 and that sends h = l^^x to zero. 

° \u—l\ ' Ui, 

Let h : k^\A^ — C be the Fourier transform of h. In particular write 

h{0) = [ h{x) d^'x, 
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and 

h{l) = I h{x)\x\-^ d^'x, 
The next theorem has been proved by A. Connes in 0. 

Theorem 1.1 The following are equivalent: 

(a) For any h G S{k^\A^) we have, as A oo, the asymptotic expansion: 

tr{QAoU{h)) = 2h{l)\og'A-h{0)-h{l) + y f J^d^'u + oil). 

Jk \u — l\ 

(b) All L-functions with Grofiencharacters on k satisfy the Riemann hy- 
pothesis. 

In the hght of the fact that (6) is known to be true one has to read this 
theorem as follows: (a) is implied by ih) and an independent proof of (a) 
gives an independent proof of (6). 

Note that Connes gives a slightly different version of the trace formula. It is, 
however, easy to see that the two versions are equivalent. 



2 The semi-local trace identity 

Let S <ZV he a. finite set of places that is supposed to be large enough. This 
means that S satisfies the following conditions: 

• 1^1 > 2. 

• The image of the absolute value | ■ I5 : ^ is the full value group 

• S contains all places v for that the order n{v) of the character if} in 
nonzero. 
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• S* is so large, that cs = Ylves 1'" — ^■ 

• Fix a finite set S G such that = Sk^Oy. Then for each e G 
the set S contains all places v with e„ ^ . 

If we embed into A^ by x i-^ (x, 1, . . . ) and S is large enough, then the 
set S can be chosen to be contained in A^. We will tacitly assume this. We 
will further assume that £^ is a set of representatives for A^/fc^O^. Then it 
also is a set of representatives for Ag /k^Og . 

Recall that kg is a discrete subgroup of A^. For / G S{As) let 

Esif)ix) = /M- 

Then Es{f) lies in L'^{k^\A^), as is shown in §. Further, let k^g = ks\ {0} 
and define ^ 

Esif)ix) = 

We define tps = Ylves'^^ as a character of As and the Fourier transform on 
S{As) by fXx) = J^^ f{y)^{xy)dy. Let So{As) be the space of all / G S{A) 
with /(O) = = /(O). 

Proposition 2.1 For any fs G iSo(As) t/ie function Es{fs) lies in the space 
L'^{kg\Ag). Furthermore, we have Es{f){x) = Es{f){x~^). 

Proof: Let T = r \ ^. We extend a given fs G S{As) to / G 5(A) by 
f = fs® lor- A. Connes has shown g that E{f) G L^{k''\A''). 

Lemma 2.2 T/ie maj» 

a:k^\A^ ^ fc^\AVC^ 

is a homeomorphism, equivariant under the action of A^ and Haar-measure 
preserving, where on k^\A^ /O^ we install the quotient measure given by the 
normalized measure (i.e. vol{0^) = 1) on O^. 
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Proof: The map a is well defined since k^a = kg a' implies k^a = k^a'. It 
is clearly continuous and A^-equivariant. It is injective since for a, a' G 
embedded into A^ by filling up with ones, the equation k^aO^ = k^a'O^ 
implies that there are x E k^ and y G such that a = xa'y. Considering 
the places in t> G T gives 1 = x^yy, which implies Xy G and thus x E kg. 
The map a finally is surjective since S is large enough and A^ = k^SOyiTg, 
where vr^ G A^ is a uniformizer, i.e., |7r5| = q^^. The map a preserves Haar 
measures as a consequence of our normalizations. Finally, since is open 
in A^ it follows that the map a is open, i.e. the inverse map is continuous. 

Q.E.D. 

As a consequence of the lemma, a induces a pullback isomorphism 

a* : L2(A;^\AV0^) ^ L^{k^\A^). 

Now let X G A5 and write {x, 1) for the element of A that coincides with 
a; in S' and is equal to 1 everywhere else. We get f{{x, 1)) = fs{x), and 
Ef{x, 1) = Es{f){x). The function / is by construction invariant under the 
multiplication by O^, hence lies in the space of invariants L'^{k^\A^)'~^T = 
L^(/c^\A^/C^), and we conclude that Es{fs) = a*E{F). The second asser- 
tion of the proposition follows from Lemma 2 in Appendix I of [0]. 

Q.E.D. 

Let A > and Qs,k,Q be the subspace of iSo(A5') consisting of all / G iSo(A5') 
such that f{x) = = f{x) whenever |x| > A. Let Qs,a,o be the closure 
in L'^{kg\Ag) of the space E{Qs,Afl). Likewise, let Qs,Afi be the closure in 
L'^{kg\Ag) of the space Es{Qs,a,o)- We also write Qs,a,o and Qs,a,o for the 
orthogonal projections. 

Let h G S{kg\Ag), i.e. h is locally constant and of compact support. Define 
the operator U{h) on L'^{kg\Ag) by 



U{h)<^{x) = 




y\ ^h{y)Lp(xy)d''y. 



Let h : kg\Ag ^ C be the Fourier transform of h. In particular write h{0) = 
Ji^x^j^x h{x) d^x, and h{l) = /^x^^^x h{x)\x\^^ d^x. Let Qs,a be the subspace 

of S{As) consisting of all / G S{As) with /(x) = = f{x) whenever |x| > A. 
Let Qs,A be the closure in L'^{kg\Ag) of the space Es{Qs,a)- 
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Theorem 2.3 (Semi-local trace identity) The following assertions are equiv- 
alent. 

(a) If h is supported in {q^^ < \x\ < ^q} and S contains all places v with 
qv ^ qo, then, as A ^ oo we have 

trQsAfiUih) = trQs,A,oUih)+o{l). 

(b) Connes' global trace formula. 

(c) The Riemann hypothesis for all L-functions with Grofiencharacters. 

Since Connes showed that (6) is equivalent to (c) it suffices to show that (a) 
is equivalent to (b). The proof of this theorem will be given in section |[ 

3 A variant of the semi- local trace formula 

Let S* be a finite set of places that is large enough (see section |^). Let 
h e S{k^\A^). 

Theorem 3.1 As X ^ oo, we have 
trQsAfiUih) = 2/i(l)log'sA-/i(0)-Ml) + E / J^d^'u + oil). 

Proof: In it is shown that 

i^{Qs,AU{h)) = 2h{l)\og'sA + y2 [ -^^d^u + o{l), 

^-^ /i.x m — 1 

as A ^ oo. Actually, Connes shows a slightly different assertion in ||2[, 
namely, instead of one projection Qs,k there is a product of two projections 
P\P\. But similar to the global case it is easy to see that, in the absence of 
infinite places, Connes' statement is equivalent to the above. 
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Let ^ = n y^s ^® ■ Then, locally 



So we get 



'-zOi 



~2~ 



2 



1^-1^-1 TP 

„ TVy Zy ry 



1 



7iy Zy ry 

HV 
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Let cs — Hues ^"""^"'^^^ ■ Since 5" is large enough we infer that cs > 1. Then 
for a e with ^ < |a| < A, the function / = l^^x lies in Qs,a and 

Es{f){x) — {q — 1)\x\^1^qxj^x(x). For a < P in the value group q^, let 
A{a,l3) be a set of representatives oi {x E As \ a < \x\ < P}/Ogkg. 
Note that A{a,P) is a finite set. Let /i,a = '^^aeA(^ a) '^aO^- Then 

fi,A e (55,A and Es{fi,A)ix) = l^l^^{f^<|x|<A}- Let /o,a be the Fourier 
transform of fi\. 



Lemma 3.2 Suppose that h is supported in {\x\ < 1}. Then 



Qs,AU{h)Es{fi,A) = 



1^ - A go 



Cs - A^go 



h{0)Es{fi,A) mod{Qs,A,o) 



Proof: Note first that the assertion only depends on the (9^ -invariant pro- 
jection h^s(^x) = ^^i^f^x-^ Jax h{xy)d^y of h. So we may assume that h is 

O^-invariant. Then it follows that /i is a finite linear combination of functions 
of the form l^^x^x , for 6 e . We may thus assume that h—{q — l)1^0x^x 
with |6| < 1. Then U(h)Es(fi,A) = Es(R(g)fi,A), where g = l^^x, and 
R{g)fi,A{^) = /box /i,A(xy)d^y = vol(0^)/i,A(a;&). So that 



Uih)Esifi,A) = yoliO^)Es 

II — I 

Since |6| < 1, we get that Q s,AU{h)Es{f i^a) equals 

\ 



-aOl 



J 



yol{0^)Es 



q-1 



E 



J 
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For / e S{As) let = /(O) = f{x)dx. Then 

J As J O g 

It follows that there is a A e C with Q s,AU{h)Es{f i^a) — XED{fi,A) € Qs,a,q 
and this A is 

A = vol(0g) ^ ^, , . 

Z^aGA(^,A) 

For q;,/9 in the value group we can choose A{a,P) = [ja<q^<i3'^s'^^^ where 
TTs e is an element with Itt^I = Qq^. Let A = ^q, cs — qQ°, and v{b) > 
the valuation of b. Then 

\^ I 2^j=ko-k+v{b) % 



A = vol(0 



1^1 Sj=feo-fe ^0 



= vol(0g) ^^-=° , , 



= vol(C>g)go^°^ , = vol(C»^,,,,, . 

Since vol(O^A;^/A;^) = we get /i(0) = vol(O^). The lemma follows. 

' Q.E.D. 



Now write /i^a = Ci^a + 9i,a, where gi^A ^ Q5,a,o and Ci^a is orthogonal to 
Qs,A,o- Likewise write /o,a = eo,A + qo,A- Let l{Es{f)) = /(O) for Es{f) G 
Qs.A- Note that I is well defined and that ker(Z) = Qs,a,o ® ^^i,a- Likewise 
let l{Es{f)) — /(O) and note that ker(Z) = Qs,a,o ® Ccq.a- The operator 
Qs,AU{h) preserves ker(Z) if supp/i C {\x\ < 1}, and it preserves ker(i) if 
supp/i C {|x| > 1}. Let /lA = \\Eslh,K)r 

Lemma 3.3 If h is supported in {\x\ > 1}, then, as A — > oo, 

Qs,AU{h)EsCh,A) = h{l)EsCh,A) + VA + o{l), 
where ipA e Qs,a,o- 
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Proof: Without loss of generality we can assume that h — {q — 1)1^qxj.x for 
some |6| > 1. Let 



and let 



ft 



ei,A = 



ei,A 



Ql,A = 



?1,A 



£;5(/i,a)||' ^'^^ \\Es{h,A)r ^' \\Es{h,A)\\ 

Then || Es{fi,A — /i a) II tends to zero as A — > oo. Similar to the last proof 
we get 

/ \ 



U{h)Es{fh) = yol{0^)Es 



Q 



'-aOi 



and this also equals Qs^AU{h)Es{fl /J- Repeating the argument of the last 
lemma we get Qs,AU{h) Esif I j^) = XEs{fh), with 



A = vol(C^) 



E„e^(f^,A) l«l 



vol(O^) 



Since h{l) = |||Vol(C^), the claim follows. 



= ^vol(OJ). 
Q.E.D. 



Suppose further that h is supported in {|a;| > 1}. Then Qs,AU{h) preserves 
ker(/) = Qs,A,o © Cci^a, and we get 

Qs,AU{h)e,,A = Qs,AU{h)EsChA) mod kcr(/) 
= h{l)EsCh,A) + o{l) mod ker(0 
= /i(l)ei_A + o(l) mod ker(/). 

Next we show that qi^A tends to zero as A — cxd. We use the fact that for 
any (/? e Qs,a,o the integral J ip{x)\x\2d^x vanishes, to compute 



(gi,A,gi,A) = {qi,A,Esifi,A)) 



-I 



qi,A{x)\x\^d^x. 



qi^Aix)\x\'^d^x 
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II qi,A II < J |gi,A(x)|2rfXx / \x\d^x. 

The right hand side tends to zero as A ^ oo. Therefore gi^A — > 0. Using 
Lemma p.2| we get for supp/i C {|x| < 1}, 

QsAU{h)Bi,A = QsAU{h)Es{h,A) + o{l) 

= h{0)Es{fi,A) + o{l) modQs,A,o 
= /i(0)ei,A + o(l)- 

The Fourier transform turns ker(/) = Qs,a,o © Ceo,A into ker(/) = Qs,a,o © 
Cei^A- For G L'^{kg\Ag) we have U{h)ip = U(h)0, where h{x) = \x\h{x~'^). 
Since h{0) = h{l) and h{l) = h{0), we get for supp(/;,) C {|x| > 1}, 

Qs,AUih)eo^A = Ml)eo,A + o(l) modker(/). 
Likewise, we get for supp(/i) C {|x| > 1}, 

Qs,AU{h)eo^A = h{0)eo^A + o{l) modker(/). 
We have proved the following lemma, which also implies the theorem. 

Lemma 3.4 As A ^ oo, we have 

triQs,A-Qs,A,o)U{h) = hiO) + h{l) + o{l). 

Q.E.D. 



4 The localization 

Let h e S{k^\A^). There is a function g G iS(A^) such that h{x) = 
J^-yek^' din^)- There is a finite set of places S that is large enough (sec. 
^ such that g = gsd^, where gs G 5(A^) and g^ = Ylvi^s '^o^- ^ 
set 

hs{x) = 9s{ix). 
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Theorem 4.1 (Localization) For A > 1 we have 

trQA,oU{h) = trQs,A,oU{hs). 

Proof: For cp e L^(A;^\A^) we get U{h)ip = R{g)(p, where 
R{g)^{x) = / g{y)\y\-'^ip{xy)d''y. 

J AX 

Then R{g) = R{gs)R{g^), where, for (p e L'^{k'^\A'^) we have 
R{gs)v{x) = / \a\~^gs{a)(fi{xa)d''a 



and 



R{g^)ip{x) = / \a\ ^^g^{a)(p{xa)d^a, 



where the measure in the latter integral is the quotient of the normalized 
measures on and . Let T — V \ S. With this measure the set C 
A'^'^ has volume 1. 

It follows that 

Thus it emerges that R{g^) coincides with Prr, the orthogonal projection 
onto the space L2(A;X\A^)^t of O^-invariants. On L\k''\A'') we now have 
two orthogonal projections, Qa and R{g^), which commute with each other. 
So we get 

trQA,oU(h) = trQA,oR(g) = tr (QA,oR{g)\L\k''\A''f^^ 
= tr {a*QA,oRigs)iaT' \ L'{k^\A^)) . 
It is easy to see that R{gs) commutes with a*. 



Lemma 4.2 We have the identity of projections a*QA,o{c(*) — Qsa,o- 
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Proof: Let Q^g space of O^-invariants in Qa^. The lemma will 

follow from the identity of vector spaces a* ^Qa,o) ~ Qs,a,o- For this let 

/ £ Qa,o and suppose that E{f) is O^-invariant. We may then assume that 
/ itself is (9^-invariant. Then / can be written as a finite sum / = Y2j fji 
where each fj lies in Qa and is a product fj = Yl^ fj,v We may assume that 
if V ^ S, then fj^y = IbOv some h E . All but finitely many of the 6's 
can be chosen to be 1. Since 5* is large enough, there is, for each j, a 7^ G fc^ 
such that with fj'{x) = fj{^jx) we have /J^ = Iq^ for every v ^ S. Let 
/i = J2j fj^ ■ We claim that /i lies in Qa,o again. By fj G Qa and \ = 1 
we get that fj^ G Qa- So we only have to show that /i(0) = = /i(0). 

For the first, recall that 

/i(o) = E/r(o) = E/.(o) = /(o) = 0- 



j j 



For the second recall 



i 3 f 



Finally, 



and this shows that E{Q a,o)^^ = -^(Qao); where Qao space of all 

/ ^ Qa,o that can be written as a product f = fs {Ylv^s ^o^) for some 
£ Qs.A.o- For such a function / and x G we get 

E{f){x) = E/(^^) = E/^(^^) = Es{fs){x). 

Since all /s in Qs,a,o can occur, the lemma follows and this imphes the 
theorem. Q.E.D. 



5 Proof of the main theorem 



We will now prove Theorem 



2.3. 



We use the notation of the previous section. 
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By Theorem I?T Connes' trace formula is equivalent to 

tiQsAoUih) = 2h{l)\og' A-h{0)-h{l) + y [ J^:^d''u + o{l). 

By Theorem on the other hand, we know that 
tT{Qs,A,oU{hs)) = 2hs{l)log'sA-hs{0)-hs{l) + y2 I 

\n-l\ 

So the main theorem will follow from identifying the right hand sides of both 
of theses formulae. 

Lemma 5.1 We have 

(i) h{x) = hs{x) if X e Ag, 

(ii) h{0) = hsiO) and h{l) = hsil), 
(Hi) log'^A = log' A. 

Proof: For a; G we have 

H^) = 3^^^^ = Y SsM = hs{x). 

This proves (i). We further see that 

h{0) = / h{x)d'^x = / g{x)d'^x = / gs{x)d'^x = hs{0), 

as well as h{l) = hs{l)- Finally note that 

log's A = / Yl laO|fc,-(a;)^"3; = -i- Y I laO|(^)^"^ 



vol(0^ 



The last equation follows from the same computation with 5* replaced by V 
and the fact that A (;^, A) also is a set of representatives of the set of all 
X G of absolute value between and A modulo k^Oy. Q.E.D. 
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Lemma 5.2 Suppose h is supported in {q ^ < \x\ < q^}. Then for every 
V & S we have 



-. ra u = 




■u — 1 





For V ^ S we have J^x j:^^^^^'^' = 0. 

Proof: The first assertion follows from (i) of the last lemma. For the second 
let V ^ S. Then 



^ 111 — ^\ 



\u — 1\ ^-^ Ax \u — 1 



Let 7 e A;^. If 51(7^) 7^ for some u ^ k^, then it follows that q^^ < I7I5 < q^ 
and |7|^ = 1 for every w ^ S, w ^ v. Therefore it follows q^ '^ < < q^ 
which implies |7|„ = 1 since q^ > q^. Therefore u 1— > giju) is a multiple of 



Iqx and so 



P^d-u = 0. 

X M — 1 



Q.E.D. 



6 Closing remarks 

In this section we give a reformulation of the semi-local trace identity. Let C 
be a compact open subgroup of , such that h is invariant under translations 
by elements of C. Let Pc be the orthogonal projections onto the space of C- 
invariants. Then Pc = ^^^^^ Ic^^^- This implies that Pc leaves stable the 
spaces Qs,A, Qs,a,o and Qs, a,o- Further we have that U{h) = PcU{h)Pc- Let 
Q'^Ai QsA Qs A ^^'^ subspaces of C-invariants. Every ip e Qsa o 
is supported in {j^ < \x\ < A}. Since the set {j^ < \x\ < A}/kgC is finite, it 
follows that Qsa finite dimensional. In particular the set Qsa coincides 
with ^5(QgA,oj ■ ' Let /eOsAo- Then ^5(/)(:r) = E^e^o /(7^). Let 
R — kg/kg. We use the same letter to indicate a set of representatives for the 
quotient R. Summing over kg first and then over R gives the sum expansion 

reR 
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This sum converges pointwise, indeed the sum is locally finite, but it does not 
converge absolutely in L'^{kg\Ag). In this way we get a canonical surjective 

map T: Eg {Qs,a,o) ^ Qs,a,o defined by 

T{Es{mx) = J2 \r\"^Es{f){rx) = Es{f){x). 

It is not hard to see that there are coefficients G M such that for every 
/ e Qs,A,o we have 

Es{f){x) = T'iEsimx) = Y^CrEsifWx), 

reR 

where, again, the sum is locally finite. This implies that E{Q'^^j^^q) is finite 
dimensional and so coincides with ^ o- Further T is a linear bijection with 
inverse T"^ =7'. 

If we extend T to a bicontinuous linear bijection of L^(/c^\A^) that maps 
the orthogonal space of Qs,a,o to the orthogonal space of Qs,a,0: then we get 

TQs,\fiT~^ = Qs,x,o- 

So that the semi-local trace identity then becomes 

trQs,A,oU{h) = trQs,A,oTU{h)T-\ 

Note that if h is supported in the norm one elements, then U{h) leaves 
invariant the space Q^^a.o and it commutes with T. So in this case the 
formula follows directly. It would be nice to find a direct prove of this identity 
in general. 
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